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Abstract

In this paper, we investigate some result on soft bounded and soft totally bounded sets and derive
relation among them. We investigate some necessary conditions on soft totally bounded sets. We
also prove soft totally bounded set is separable.
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Introduction

Many times real life problems involve uncertainties, imprecision and vagueness. In

particular, such classes of problems arise in economics, engineering environmental

sciences, medical sciences, etc. In course of time, a number of mathematical theories such as
probability theory, fuzzy set theory, set theory, interval mathematics theory, vague set theory, etc.
formulated to solve such problems, have been found only partially successful. The major reason for
the difficulties arising with the above mentioned

theories is due to the inadequacies of their parameterization tools ([3]).In order to

overcome these difficulties, Molodtsov [3] introduced soft set theory as a completely new
mathematical tool. This prototype work of Molodtsov, besides, included directions for further
research, especially discovering new operations on soft sets and their properties. In recent year many
researches like Feng et al.([1]), Maji et al.([2]) years. shabir and Naz ([5]), sujao Das and Samanta
([6].[7]), sadi Bayrramov and Cigdem Gunduz ([4]), have contributed to the development sof set
theory. In this paper, section 1 is about preliminaries. In section 2, we derive some results on soft
bounded sets in terms of soft open balls and diameter. In section 3, we investigate soft totally

bounded sets with examples and prove some necessary conditions of soft totally bounded sets.
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1. Preliminaries

In this section we recall some basic definitions and results about soft sets.

Definition 1.1[3] Let U be the universe and E be the set of parameters. Let P(U) denotes the power
set of I/ and A be a non empty subset of E. A pair (F,A) is called a soft set over U where F is given
by F: 4— P(U).

In other words, the soft set is a parameterized family of subsets of the set U. For ¢ € A, F(=)
may be considered as the set of e-elements of the set (F, 4), or as the set of e-approximate elements
of the soft set. i.e. (F, A) is given as consisting of collection of approximation:

(F,A) ={F(s)/=€A}

Definition 1.2[1] For two soft sets (F, A) and (G, B) over a common universe U, we say that (F, 4)
is soft subset of (G, B) if

1. AS Eand

2. Ve €EAF(e) € G(e).

and it is denoted by (F,A4) < (G, B).

Definition 1.3[2] Two soft sets (F, 4) and (G, B) over a common universe U are said to be equal if
(F,A) is a soft subset of (G, B) and (G, B) is a soft subset of (F, 4).

Definition1.4[2] The union of two soft sets (F, A) and (G, B) over the common universe U is the
soft set (H,C), whereC = AUBand¥ e e,

F(e), ife € A\B;
H(e) = G(e), ife € B\A:
F(e)u G(e), ife EANBE.

and is denoted by (F,4) U (G,B) = (H,C).
Definition 1.5[2] The intersection of two soft sets (F,A) and (G, B) over the common universe U is
the soft set (H,C)where C = 4 n Band Ve € C,H(e) = F(e) N G(e) and is denoted by

H(C,A) = F(e) N G(e).
Definition 1.6[5] The difference (H. E) of two soft sets (F, E) and (G, E) over U is denoted by
(F,E)\(G,E) and is defined as H(e) = F(e)\G(e),V e € E.
Definition 1.7[1] The complement of a soft set (F, A) over U is denoted by (F,A)“and is defined as
(F,A)° = (F¢,A), where F“: A — P(U) is a mapping given by FE (1) = U — F(X)°, V¥ Aed i.e.
(F,A) = {F(e,)",V,e, € A}.
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Definition 1.8[2] A soft set (F, E) over U is said to be a null soft set denoted by @ if

F(e) =0,ve €EE.

Definition 1.9[2] A soft set (F, E) over U is said to be a absolute soft set denoted by U if

F(e) = U, VeeE.

Definition 1.10[7] Let X be a non empty set and E be a non empty parameter set then the function
e: E — X is said to be soft element of X.

A soft element ¢ is said to belongs to a soft set (F, 4) of X if 2(e) € A(e), Ve € A and is denoted by
£ € (F,A).

Definition 1.11[7] Let IR be the set of real numbers and B(R) the collection of all non empty

bounded subsets of IR and A be a set of parameters then the mapping

F: A — B(IR) is called a soft real set. It is denoted by (F, A). In particular, if (F,A) is singleton soft
set then identifying (F, A) with the corresponding soft element, it will be called a soft real number.
We denote soft real numbers by #, %, and 7, 5, £ will denote a particular type of soft numbers such
that #(1) = r, W1 € 4 etc.

Definition 1.12[6] A soft set (P, A) over X is said to be a soft point if there is exactly one 4 € 4,
such that P(A) = x, for some x € X and P(u) = @,Vu € A{x}.

It is denoted by P;*.

Definition 1.13[6] A soft point P;* is said to belong to a soft set (F,A) if A € A and

P(X) = {x} c F(X) and we write P;* € (F, A).

Dentition 1.14[6] Two soft points P;* and B,” are said to be equal if A = u and P(1) = P(u) i.e.
x=y.Thus Py* # BY = x#yord+pu

Theorem 1.15[6] The union of any collection of soft points can be considered as a soft set and

every soft set can be expressed as union of all soft points belonging to it, i.e (F, 4) = Up, *z(7 .4 P2™
Let X be an initial universal set and 4 be a non empty set of parameters. Let X be the absolute
soft set. Let SP(X)]0 be the collection of all soft points of X . Let R(A*) denote the set of all non

negative soft real numbers.

Definition 1.16[6] A mapping d: SP(X) X SP(X) — R(A) is said to be a soft metric on the soft set
X if
Dd(p*,BY)=0, VPR BYEX,
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id(P,*,B,>) =0, ifandonlyif ;" =B7,
i)d(P*,B,>) =d(B>, »*), vB,*,BY EX,
iv)d(P,*,B>) 2d(B*,B,*)+d(B*°BY) VP ", BY EX.
The soft set X with the soft metric d on X is called a soft metric space and is denoted by (X, d E)
or (X", d").
Example 1.17 Let X be a non empty set and E be a non empty set of parameters. Let ¥ be the

absolute soft set i.e F(1) = X,¥14 € 4, where (F,4) = X.
Define d: SP(X) x SP(X)) = R(4) by,

iy 87) ={

Then d is a soft metric and is called soft discrete metric and (X, d E) is called soft

0,if P;* =R
1,if P,* +BY

discrete metric space.
Definition 1.18[6] Let (X,d E) be a soft metric space and # be a non negative
soft real number. Then the set B(P;*,7)={ B> € X | d(P;*,B,*) =+ }is called a soft open ball
with center P;* and of radius .
Definition1.19[6] Let(X, d E) be soft metric space (¥, 4) be a non null soft subset of X
then the diameter of (¥, 4) is denoted by diam((¥,A4)) and for any ¥ € 4, it is defined as,
diam((¥,4))(v) = sup{d(P;*, B> )(y) | P,*,B,¥ E (Y, A)}.
Example 1.20 Let (X,d E) be soft discrete metric space and let (¥, 4) be a non null soft
subset of X, then diam((¥;4)) = 1.
Theorem 1.21[6] Let (X, d E) be soft metric space then

fdiam((¥,4)) =0 < (¥,A) consists of single soft element.

iIf (¥,4) € (Z,4) then diam((¥,4)) = diam((Z,4)).
Definition 1.22[6] A soft metric space (X, d E) is said to be soft separable if there exists a
countable soft subset (¥, 4) of X such that (¥, 4) is dense in X.

2. Soft Bounded sets

In this section we discuss soft bounded sets and prove some of their properties.
Definition 2.1 Let (X, d E)be a soft metric space and (¥,4) be a non null soft subset of £. Then we

say that (¥, 4) is soft bounded if there exists P;* € X and a soft real number
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£ = 0 such that (¥,4) € B(P*, £).
Theorem 2.2 Let (X, d E)) be soft metric space and (¥, 4) be non empty soft subset of X then
(¥, A) is soft bounded if and only if the diameter of (¥, 4) is finite.
Proof: Suppose (¥, 4) is soft bounded. Then there exist P;* € X and & = 0 such that
(v, 4) & B(P*, &).
Thend(P,*,BY) £ & VP* E (Y, A),
By triangle inequality, for any B,*, B,* € (¥,4),
d(P;*,B>) £d(P*,P*)+d(P,5P>) < 22
= Sup{d(P,*,R,”): P,,B,Y E (Y,4)} < 25
= diam((Y,4)) < 2%
Therefore the diameter of (¥, A4) is finite.
Conversely suppose assume that the diameter of (¥, 4) is finite.
Let diam((¥,4)) = I, forsomel =0
=d(P*,BY) 1, VP*,BY € (V,A).
Let £ be such that [ < £ Then for any P;* € (¥,4), we have
d(p=BY) 2125  VBRYE(V.A).
= (¥, 4) & B(P%,5).
Hence (¥, 4) is soft bounded.
Theorem 2.3 Finite union of soft bounded sets is soft bounded.
Proof: Let (¥;, 4;) be soft bounded sets for 1 =i < n.
Then there exist £ = 0 and P, *! € X, such that
(Y, A) EB(P,*E), Vi<i<mn
Let (v,A) = U=, (¥, 4,) and consider P, ** € X.
Let £ = max{£},5, ..., 5, } + max{d (P, **, P, **), ..d(Py, ™, P, *")} 5 D.
Now we show that (¥, 4) & B( P, ™, 2).
Let ¥ € (¥,4) = UL (Y, 4,). Then B* € (¥, 4;) for some j.
=d(p>. P, ") <d (Pﬂi",Pﬂj“‘i) +d (Pﬂjxi,Pﬂlxi)
£ & + max{d(P; **,P; **),..d(Py **,P;_*")}
< max{&,, &, ..., 5} + max{d (P, ¥+, P, *2),..d(P) ¥, P ))= &
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= P,Y € B(P, ")

= (¥,4) € B(P, ™, Z).

Hence (¥, 4) is bounded.

Remark 2.4: The above result is not true in general for arbitrary union.

For example, take ¥ = R and (¥Yn Ar) = [—#,#].

Then each (Y=, 4x) is bounded as diam((¥Y:4:)) < 27.

But U™, (Y., A ) = U=, [—#,7] = &, which is not bounded.

3. Soft Totally Bounded Sets

Definition 3.1 Let (X, d E) be a soft metric space and (¥, 4) & ( X ,E). We say that (¥, 4) is soft
totally bounded if for a given £ = 0, there exist finitely many soft points Py £ X such that
(Y,A) EUL,B(P.*, ).

Theorem 3.2 If (¥, 4) is soft totally bounded then for givens = D, there exist P, * € (¥, A) such
that (¥, 4) € Ui, B(R,*,E).

Proof:- Let & = 0. Since (¥, 4) is soft totally bounded, there exist P, * € X such that

(v,4) & U, B(P,™,5).

Without loss of generality, we can assume that (¥, 4) 1 B (Pﬂ[‘”f, 2) # 0 foralli.

SoletB, * € (¥, 4) N B(Pﬂixl,g}.

Now we show that (¥, 4) &€ Ui, B(B, *,E)
Let B,” € (¥,A). Then there exists j such that B,* € B(Pﬂj”,;]

¥ _— . = . .
=d (Pfy’P#f J) =d (P y’Pﬂij} + d(Pﬂ;‘xJ’P#fyj)

=

=z

IAY;
Bsd | Baz

+

[N GY

T

— (V,4) & U B(B,,%)

i=1

i.e (¥, 4) can be covered by finitely many "z-balls, each centered at a point in (¥, A4).

Theorem 3.3:- (Y, 4) is soft totally bounded if and only if given & = 0 there exist finitely many soft
soft subsets (¥:,A:) € (¥, A) with diam((Y:4:)) < £ such that (¥, 4) & U™, (V4.
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Proof:- Suppose that (¥, 4) is soft totally bounded and " = 0 be given.

Then by Theorem 3.2, there exist P, >t € (¥,4) such that (¥, 4) € UZ, B{PAI_“E} and

(v,4) & B(P,%,5) % 0 foralli.

Let (V1,4 = (¥, A) IV B(P,”,5)

Then (Y1 4:) & (Y, 4) and diam( (¥ 4))) < % = £

Conversely, suppose for given £ = 0 there are (Yi; A:) € (¥,A4) such that

(V,4) & U, (Vis4) With diam((v54)) 2 £ Then (vi,4) & B(P,*,2)

= (V,4) € UL, (Y5 4) € UL, B(P,*,8).

= (¥, A) is soft totally bounded.

Theorem 3.4 In soft discrete metric space, a soft set is soft totally bounded if and only if it is finite.
Proof:- Let (¥, A4) be soft totally bounded.

Since (¥, 4) is soft totally bounded, for £ = 1 there exist Py € (¥, A) such that,

(v.4) €U, B(P,*,1)

But in discrete metric space, B(P, *1,1) = {P,>}. = (¥,4) € UL, {P, '}
Hence (¥, 4) is finite.

Conversely, suppose (Y, 4) is finite, say (¥, A) is the set of P **,... Py .

Let be & = 0 given. Then (¥, 4) = U, {P, >} € UL, B(P, *,2)

= (¥, A) is soft totally bounded.

Theorem 3.5 A soft totally bounded set is soft bounded.

Proof:- Let (¥, A)be a soft totally bounded. Then for & = 1, there exist Pyt € (v, 4) such

that,(v, 4) &€ Uz, B(P, 7%, 1)
Let ¥ = max{d(P, " P, *)/2=j=n}+ 1
We now show that (¥,4) € B(P, **,7)
Let P;¥ € (¥, A). Then there exists j such that ;> € B(Pﬂj*’i,i} . By triangle inequality,
d(p?, P ) Z2d(py ,Pﬂjw) +d (Pﬂjw,Pﬂih)
21+ max{d(P, ", P ") /2<j<n}=F
= P;¥ EB(P,*,7)
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= (v,4) € B(Py*,7).

Hence (¥, 4) is soft bounded.

Remark:- Converse of the above theorem is not true in general.

Example 3.6:- Let (¥, 4) = [0,1] be an infinite soft subset of a discrete metric space (&, d,E).
where d(Py*,B, ) =1z -5l + |1 g

As, (Y,A4) & B(P,*,22), (¥,A) is bounded.

But since (¥, 4) is infinite, by Theorem 3.4, it is not soft totally bounded.

Theorem 3.7 The closure of a soft totally bounded subset of a soft metric space is soft totally
bounded.

Proof:- Let (X, d E) be a soft metric space and (¥, 4) be soft totally bounded.

Let £ = 0 be a soft real number. Then there exist Py *t, Py ™%, Py "™in (v,A)

such that, (¥, 4) € U, B(Pﬂ[”,;).

o
&

Let P,*€ (¥, 4). Then (v,4) & B(P~5) = 0.
Let P, (Y, 4) and P B (P;%,5).

Then there exists j such that B, € B{Pﬂj“i,fj

d (PA“‘,PA]_”I) Zd(p~,RY) +d (PHY,PAI_XI}

= E.

_I_

[T

Z

= bJ |t

= P*E B(P,-,]_xl',g
= (v,4) € B(P,8)

Hence (Y, A) is soft totally bounded.

Theorem 3.8 A subspace of a soft totally bounded metric space is soft totally bounded.

Proof:- Let (X, d E) be a soft totally bounded metric space.
Let £ = 0 be a soft real number. Then there exist Py *:, P2, Py *min (X, E)

such that (X, E) & UL, B(P, ™, ).

Let (Y, A) be a soft subspace of (%,d E).

Define B¥4)(p, 4,8) = { B> € (Y,A)| d(PY.P, ) < &}
Now we show that (¥, 4) & U, BY4 (P, 4, ).
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Let B,= € (Y,A). Then B,* € (X,E) € U, B(P, ™, 2)
So there exists j suchthat B,* € B(Py,"1,)

i~

NIEADES

= p=EBYA(p, %,7)
= (Y,A) & U B4 (p, %, &)
i=1

Therefore, (Y, A) is soft totally bounded.
Theorem 3.9 Every soft totally bounded metric space is soft separable.

Proof:- Let (X,d E) be a soft totally bounded metric space. Then for each & = 0, there exist m

o T 5o ;1
< gand — —net (Ym, Am) for X. ¥ < UL, B(Pﬁi"‘,;)

Hi

such that —
T
Let (¥, A) = UZ,(Yn An). Then clearly it is countable.
We will show that (¥, 4) is dense in (X, E).
Let P,* € (X, E).Then there exists j such that P;* € B (Pﬂjxjri)
. . 1

x R -

> d (PP, jgm::: :
= P € B( P;*,2).
Since Py E(Y, A,n), We have Py € (v,4)
= P, E(Y,A)N B(P*, &)+ 0.

Therefore, (¥, 4) is dense in (X, E).

4. Conclusions

In this paper, in section 2, we proved a soft set is soft bounded if and only if it has finite
diameter. We also derived some properties of soft bounded sets. In section 3, we have discussed soft
totally bounded sets and proved some necessary conditions of soft totally bounded sets. We then
proved that soft totally bounded set is separable.
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